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ABSTRACT
We study the q-deformed su(2) spin network as a 3-dimensional quantum gravity model.
We show that in the semiclassical continuum limit the Turaev-Viro invariant obtained
recently defines naturally regularized path-integral a` la Ponzano-Regge, In which a con-
tribution from the cosmological term is effectively included. The regularization depen-
dent cosmological constant is found to be 4π
2
k2
+O(k−4), where q2k = 1. We also discuss
the relation to the Euclidean Chern-Simons-Witten gravity in 3-dimension.
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It is well-known that 3-dimensional gravity is perturbatively trivial in the sense that
there are no local degrees of freedom. In 3-dimension Ricci-flat space-time means truly
flat space-time, so that there are no gravitational wave modes but is only topological
excitation. Topological nature of 3-dimensional gravity has already been encountered in
the old work by Ponzano and Regge on the semi-classical limit of the Racah coefficients
of su(2)[1]. In their seminal paper (and also ref.[2]) a triangulation-independent quantity
was defined by utilizing a certain relation for 6j symbols, and was shown to be viewed
as a path-integral for 3-dimensional quantum gravity in the semi-classical continuum
limit, though their expression diverges and needs some regularization. Recently, Turaev
and Viro has constructed a new topological invariant from the q-deformed su(2) spin
network when q is a root of unity. Their construction strongly resembles that of ref.[1],
and moreover, the Turaev-Viro (TV) invariant is naturally regularized and finite due
to the restriction for the spin variables. Therefore the TV invariant is expected to be
considered as a regularized path-integral for 3-dimensional quantum gravity.
In this letter we estimate the asymptotic behavior of the q-6j symbol by the WKB
approximation along the method of ref.[3], and see how the path-integral defined by the
su(2) spin network receives ‘quantum’ corrections from q-deformation. We show that a
contribution from the cosmological term is effectively included in the path-integral from
the TV invariant.
In ref.[1] a sum of products of four (classical) su(2) Racah-Wigner 6j symbols was
considered:
∑
x, l1, l2, l3 :
allowed value
(2x+ 1)(2l1 + 1)(2l2 + 1)(2l3 + 1) (−1)χ
×
{
j1 j2 j3
x l1 l2
}{
j6 j5 j1
l1 l2 l3
}{
j4 j2 j6
l2 l3 x
}{
j3 j5 j4
l3 x l1
}
, (1)
where χ = x +
∑3
i=1 li +
∑6
i=1 ji. By repeated application of the Biedenharn-Elliott
identity and the orthogonal relation, (1) is reduced to a single 6j symbol:
∞∑
x=0
(2x+ 1)2
{
j1 j2 j3
j4 j5 j6
}
. (2)
To give a meaning to the divergent expression (2) a large angular-momentum cut-off R
is introduced in the summation, so that we take the equality between (1) and (2) as the
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following renormalized identity:
{
j1 j2 j3
j4 j5 j6
}
= lim
R→∞
3a
4R3
∑
x,l1,l2,l3<R
(2x+ 1)(2l1 + 1)(2l2 + 1)(2l3 + 1) (−1)χ
×
{
j1 j2 j3
x l1 l2
}{
j6 j5 j1
l1 l2 l3
}{
j4 j2 j6
l2 l3 x
}{
j3 j5 j4
l3 x l1
}
, (3)
where a is some dimensionless constant (finite renormalization). Since a 6j symbol
is naturally associated to a tetrahedron, the identity (3) means that the value of 6j
associated to a tetrahedron is invariant under subdivision if the summation is carried
out over all allowed lengths of internal edges with appropriate weight (Fig.1). Repeating
the subdivision (3), we find
{
j1 j2 j3
j4 j5 j6
}
= lim
R→∞
(
3a
4R3
)e
∑
x1<R
· · · ∑
xf<R
d∏
i=1
[Ti]
×(−1)
∑6
l=1
jl
f∏
p=1
(−1)xp(2xp + 1)
≡ IPR , (4)
where
[Ti] : 6j symbol assigned to the ith simplex
d, e, f : the number of simplices,internal vertices
and internal edges,respectively
xp : (the length of the pth edge)− 1
2
.
Hence IPR may be taken as a ‘topological invariant’, where topological invariant means
that it does not depend on the triangulation inside the 3-manifold, but depends only
on the edge-lengths on the boundary and topology of the triangulated 3-manifold. Ob-
viously, with fixed boundaries, IPR takes the same value in each class of triangulation
connected through the operation (3).
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In the semi-classical continuum limit xp, e (and so f) go to infinity. The 6j symbol
behaves as [1, 3] {
j1 j2 j3
j4 j5 j6
}
≈ ( 1
12πV
)
1
2 cos(
f∑
i=1
θiJi +
π
4
) (5)
in the domain where Ji are uniformly large (see Figure Caption). Here V is the volume
of the tetrahedron. Thus one may write IPR as
IPR ∼
∫
dµ
∏
tetrahedra
cos

 f∑
i=1
xi(π − θi)− π
4

 (6)
with
dµ = (
3a
4R3
)e
f∏
i=1
dxi(2xi + 1). (7)
Taking only the positive frequency part of cosine, together with
∑f
i=1 xi(π−θi) ∼ 12
∫ √
gR
[4], one finds
IPR (positive frequency part) ∼
∫
dµ exp
(
i
1
2
∫ √
gR
)
. (8)
The above consideration is an interesting possibility to relate IPR with 3d quantum
gravity, though there are some difficulties, i.e. the appearance of i in the exponent and
the treatment of the other interference terms.
Turaev and Viro defined the quantity ITV (up to the factors from the boundary) as
[5]
ITV ≡ w−2e
∑
allowedφ
d∏
i=1
|T φi |
f∏
i=1
w2i , (9)
where |T φi |, wi and w are weight assigned to tetrahedra, edges and vertices, respectively.
φ stands for a configuration of edge-lengths, called coloring. φ is an allowed (‘admissible’
in ref.[5]) coloring if any set of triple which forms a face of a tetrahedron satisfies the
triangle inequality, and if the sum of any triple is an integer less than k−2. They proved
that ITV is independent of triangulation if
|T φi | = (−1)
∑6
l=1
j
(i)
l
{
j
(i)
1 j
(i)
2 j
(i)
3
j
(i)
4 j
(i)
5 j
(i)
6
}
q
w2i = [2xi + 1]q, w
2 = − 2k
(q − q−1)2 , (10)
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where {······} stands for a (restricted) q-6j symbol with q = e
pii
k [6], and [n]q is a q-integer
[n]q =
qn−q−n
q−q−1 . If q is a root of unity in general, some Clebsch-Gordan coefficients of the
representation of Uq(sl(2)) diverge. Therefore one must, and can successfully, restrict
the domain of the spin variables to a finite set ({0, 1
2
, 1, . . . , k − 1
2
} in our case).
It is surprising that IPR and ITV are in the same form. Moreover, since
{
j
(i)
1 j
(i)
2 j
(i)
3
j
(i)
4 j
(i)
5 j
(i)
6
}
q
=
{
j
(i)
1 j
(i)
2 j
(i)
3
j
(i)
4 j
(i)
5 j
(i)
6
}
+O(k−2)
[2xi + 1]q = 2xi + 1 + O(k
−2)
− 2k
(q − q−1)2 =
k3
2π2
(1 +O(k−2)) , (11)
ITV approaches IPR in the k → ∞ (q → 1) limit with a = 8π23 , where k plays the
same role as R. In other word, the TV invariant ITV provides a natural regularized
path-integral for 3-dimensional quantum gravity.
Now let us study the asymptotic behavior of q-6j symbols. We start from the fol-
lowing relation, which is a special case of quantum analogue of the Biedenharn-Elliot
identity for restricted q-6j symbols [6]§:
{
j1 j2 j3
j4 j5 j6
}
q
{
j1 j2 j3
1
2
j3 +∆b j2 +∆a
}
q
=
∑
ζ=j4± 12
(−1)j1+2j2+2j3+j4+j5+j6+ζ+ 12+∆a+∆b [2ζ + 1]q
×
{
j1 j2 +∆a j3 +∆b
ζ j5 j6
}
q
{
1
2
j2 j2 +∆a
j6 ζ j4
}
q
×
{
1
2
j3 +∆b j3
j5 j4 ζ
}
q
(
∆a,b = ±1
2
)
. (12)
Combining the equations above, one obtains the following recursion relation:
[2j1]qg(j1 + 1)
{
j1 + 1 j2 j3
j4 j5 j6
}
q
§ Nomura also discussed identities of q-6j and asymptotic behavior when a part of the arguments is
large [10].
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+2h(j1)
{
j1 j2 j3
j4 j5 j6
}
q
+[2j1 + 2]qg(j1)
{
j1 − 1 j2 j3
j4 j5 j6
}
q
= 0 (13)
g(j) = {[j2 + j3 + 1 + j]q[j2 + j3 + 1− j]q
×[j + j2 − j3]q[j − j2 + j3]q
×[j5 + j6 + 1 + j]q[j5 + j6 + 1− j]q
×[j + j5 − j6]q[j − j5 + j6]q}
1
2 (14)
h(j) =
{
[2j + 1]q[2j + 2]q[2j]q
×[j3 + j4 + j5 + 2]q[j3 + j5 − j4 + 1]q
−[2j]q[j + j5 + j6 + 2]q[j + j5 − j6 + 1]q
×[j + j2 + j3 + 2]q[j + j3 − j2 + 1]q
−[2j + 2]q[j6 − j5 + j]q[j5 + j6 − j + 1]q
×[j2 + j3 − j + 1]q[j − j2 + j3]q
}
/2 . (15)
Since we are considering restricted q-6j symbols, the spin variables are truncated at
k. Therefore, to take large angular momentum limit we have to take k also large. Hence
we substitute j1, j2, . . . for λj1, λj2, . . . and k for λk at the same time, then we send
λ→∞, keeping the ratio ji/k ≪ 1. Defining the q-analog of triangle-area:
Fq(a, b, c) =
1
4
√
[a + b+ c]q[a− b+ c]q[a + b− c]q[−a + b+ c]q , (16)
we can express g(j) in a more compact form:
g(j) = 16Fq(j, j2 +
1
2
, j3 +
1
2
)Fq(j, j5 +
1
2
, j6 +
1
2
). (17)
Recalling the distinction between J and j (Fig.1), we obtain
g(λj) = 16
√
Fq(λJ, λJ2, λJ3)Fq(λJ−1, λJ2, λJ3)Fq(λJ, λJ5, λJ6)Fq(λJ−1, λJ5, λJ6)
×
[
1 +O(λ−2)
]
. (18)
Thus we rewrite the relation (13), keeping terms up to order λ−1, as follows:{
Fq(λJ1 + 1, λJ2, λJ3)Fq(λJ1 + 1, λJ5, λJ6)
[2(λJ1 + 1)]q
} 1
2
{
λj1 + 1 λj2 λj3
λj4 λj5 λj6
}
q
5
+{
Fq(λJ1 − 1, λJ2, λJ3)Fq(λJ1 − 1, λJ5, λJ6)
[2(λJ1 − 1)]q
} 1
2
{
λj1 − 1 λj2 λj3
λj4 λj5 λj6
}
q
+
h(λj1)
8 {[2(λJ1+1)]q[2(λJ1−1)]q}1/2
{Fq(λJ1, λJ2, λJ3)Fq(λJ1, λJ5, λJ6)}−1/2
{[2λJ1]q}1/2
×
{
λj1 λj2 λj3
λj4 λj5 λj6
}
q
= 0. (19)
Introducing
ϕ(j1) ≡
{
Fq(λJ1, λJ2, λJ3)Fq(λJ1, λJ5, λJ6)
[2λJ1]q
}1/2 {
λj1 λj2 λj3
λj4 λj5 λj6
}
q
(20)
c(J1) ≡ − h(λj1)
16 {[2(λJ1 + 1)]q[2(λJ1 − 1)]q}1/2 Fq(λJ1, λJ2, λJ3)Fq(λJ1, λJ5, λJ6)
,(21)
we arrive at a difference equation for j1:
{
∆2 + 2− 2c(J1)
}
ϕ(j1) = 0. (22)
Let us estimate the solution of the above equation (22) in the large k limit. When
q → 1, c(J1) approaches its ‘classical’ value cos θ1 [3], so one expands c(J1) as
c(J1) = cos θ1 + ̺+O(k
−4) , (23)
where the next-leading term ̺ is of order k−2. Since
cos(θ − ̺
sin θ
) = cos θ cos(
̺
sin θ
) + sin θ sin(
̺
sin θ
)
= cos θ
(
1− ̺
2
2 sin2 θ
+ . . .
)
+ sin θ
(
̺
sin θ
− ̺
3
3! sin3 θ
+ . . .
)
= cos θ + ̺+O(k−4) , (24)
(22) becomes in the large k limit as follows:
{
∆2 + 2− 2 cos(θ1 − ̺
sin θ1
)
}
ϕ(x) = 0. (25)
Here we have changed the variable from J1 to x. According to ref.[3], we solve the
difference equation (25) by WKB approximation. The result is
ϕ(x) ≈ C√
sin(θ1 − ̺sin θ1 )
cos
(∫
(θ1 − ̺
sin θ1
)dx+
π
4
)
, (26)
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where C is a normalization. Thus we obtain the expression for the asymptotic formula
of q-6j symbol:
{
j1 j2 j3
j4 j5 j6
}
q
∼ C
′
√
V
cos
(∫
θ1(x)dx−
∫
̺(x)
sin θ1
dx+
π
4
)
. (27)
In the above expression C ′ is a quantity that approaches to C = 1√
12π
as q → 1 and
could be a function of Ji at k
−2 order. The second term inside the cosine corresponds
to a regularization counter term, while the spin dependence of C ′ may be regarded as a
correction for the measure. The integral of θ1 in the cosine is proved to be
∑
θiJi [3].
Next we estimate ̺/ sin θ in the large k and angular momenta limit. Defining ǫq =
π2
6k2
,
then
[λJ ]q =
(
λJ − ǫqλJ3
) [
1 +O(λ−2)
]
, (28)
so that
c(J1) = − h(λj1)
16 {[2(λJ1 + 1)]q[2(λJ1 − 1)]q}1/2 Fq(λJ1, λJ2, λJ3)Fq(λJ1, λJ5, λJ6)
= −λ
5 (hc + ǫqhq) {1 + ǫq (8J21 + 2 (J22 + J23 + J25 + J26 ))}
2λJ1 · 16Fc(λJ1, λJ2, λJ3)Fc(λJ1, λJ5, λJ6)
= cos θ1 − ǫqhq + (8J
2
1 + 2 (J
2
2 + J
2
3 + J
2
5 + J
2
6 ))hc
2J1 · 16Fc(J1, J2, J3)Fc(J1, J5, J6) +O(λ
−2) , (29)
where hc and hq are the following:
hc = −2J1(J41 − J21J22 − J21J23 + 2J21J24 − J21J25
−J22J25 + J23J25 − J21J26 + J22J26 − J23J26 ) (30)
hq = 4J1(4J
6
1 − 3J41J22 − J21J42 − 3J41J23 − J21J43 + 12J41J24 + 2J21J44 − 3J41J25
−8J21J22J25 − J42J25 + 2J21J23J25 + J43J25 − J21J45 − J22J45 + J23J45 − 3J41J26
+2J21J
2
2J
2
6 + J
4
2J
2
6 − 8J21J23J26 − J43J26 − J21J46 + J22J46 − J23J46 ). (31)
Fc(a, b, c) is the ‘classical’ value of Fq(a, b, c), that is, the area of a triangle whose edges
are of length a, b and c.
The numerator of the second term of (29) proved to be:
8J31 · 16Fc(J4, J2, J6)Fc(J4, J5, J3) cos θ4. (32)
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Using the formula
∂V
∂J1
= −J1 · 16Fc(J4, J2, J6)Fc(J4, J5, J3) cos θ4
144V
, (33)
we obtain
̺ = −ǫq × 8J
3
1 · 16Fc(J4, J2, J6)Fc(J4, J5, J3) cos θ4
2J1 · 16Fc(J1, J2, J3)Fc(J1, J5, J6)
= 24ǫq
∂V
∂J1
sin θ1. (34)
Inserting (34) into (27), we conclude that
ITV (positive frequency part) ∼
∫
dµ′ exp
(
i
1
2
∫ √
g
(
R− 8π
2
k2
))
, (35)
where dµ′ = dµ+O(k−2).
It is a plausible result that the cosmological term appears as a regularization counter
term though our approximation for q-6j symbol is valid only in the region ji ≪ k and all
the ji are uniformly large. If the sum-region with respect to edge-lengths is unbounded,
any configuration with high deficit angles would be allowed. In our case the summation
is truncated at length k so that the configuration is chopped off if it is spiky enough;
consequently, the virtual processes with large volume are suppressed.
A crucial question is the following: “what does it mean if you gather only negative
frequency factors to obtain a ‘Lorentzian’ action (i×classical action), though you have
been considering a Euclidean system?” In 2+ 1-dimension the Einstein action coincides
with the Chern-Simons (CS) action with gauge group G under some appropriate field-
identification, where G is the isometry group of space-time, i.e. G = ISO(2, 1), SO(3, 1)
and SO(2, 2) if space-time is Minkowski, de-Sitter and anti-de-Sitter, respectively [7].
However, in 3-dimension with Euclidean signature the Lagrangian for the SO(4) CS
theory, which is supposed to be the Euclidean version for space-time with positive cos-
mological constant, is pure imaginary; hence the equivalence to the Einstein gravity is
subtle [7]. On the other hand, we started from the TV invariant and interpreted it as
the path-integral in the semi-classical continuum limit. Since amplitude for any process
is topologically invariant, so should be the action. Therefore it would be better to con-
sider the Regge action appeared in our model as the CS action, rather than the Einstein
8
action. The strange i factor may indicate the subtlety in the correspondence between
the Euclidean gravity and a CS theory.
Indeed, there is an evidence that the TV invariant is related to a CS theory. If
one evaluates ITV in a 3-manifold F × [0, 1] where F is a triangulated 2-surface, then
ITV naturally induces a representation of the modular group of F [5]. Comparing the
representation with that of the Jones polynomial, Turaev and Viro conjectured that their
invariant would be related to the ‘square’ of the Hilbert space of a topological field theory
for the Jones polynomial, i.e. the SU(2) CS theory with Wilson lines [8]. Recently, it
has been shown in ref.[9] that the TV invariants can be constructed from the SO(4)
(= SU(2)× SU(2)) CS theory with Wilson lines in the large k limit.
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Fig.1. The 6j symbol
{
j1 j2 j3
j4 j5 j6
}
is represented by a tetrahedron whose edges are of
length Ji = ji +
1
2
. θi is the angle between the outer normal of the two faces which have
the edge Ji in common. The subdivision (3) is also illustrated.
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